A micromechanical model was developed to predict the elastic moduli of hydroxyapatite (HA) whisker reinforced polymer biocomposites based upon the elastic properties of each phase and the reinforcement volume fraction, morphology, and preferred orientation. The effects of the HA whisker volume fraction, morphology, and orientation distribution were investigated by comparing model predictions with experimentally measured elastic moduli for HA whisker reinforced high-density polyethylene composites. Predictions using experimental measurements of the HA whisker aspect ratio distribution and orientation distribution were also compared to common idealized assumptions. The best model predictions were obtained using the experimentally measured HA whisker aspect ratio distribution and orientation distribution.
I. INTRODUCTION

A. Hydroxyapatite-reinforced polymers
A variety of hydroxyapatite (HA), Ca 10 (PO 4 ) 6 (OH) 2 , reinforced polymer composites have been investigated as orthopaedic biomaterials over the last two decades, including HA-reinforced polyethylene, [1] [2] [3] [4] [5] [6] [7] polyacrylics, [8] [9] [10] [11] [12] poly(␣-hydroxy esters), [13] [14] [15] [16] [17] [18] [19] and polyetheretherketone, [20] [21] [22] [23] [24] [25] among others. The rationale for HAreinforced polymer composites is based on mimicking the mechanical and biological properties of bone tissue at the most fundamental hierarchical level. HA is the closest synthetic equivalent to human bone mineral, which is a calcium-and hydroxyl-deficient, carbonated apatite. 26, 27 HA typically exhibits excellent biocompatibility, bioactivity, and, if porous, osteoconduction in vivo. [28] [29] [30] HA-reinforced polymer composites provide tailored mechanical properties that may be used to alleviate mechanical mismatch problems between bone tissue and synthetic bone substitutes or implants.
HA-reinforced high-density polyethylene (HDPE) was the first and most widely studied HA-reinforced polymer composite. [1] [2] [3] [4] [5] [6] [7] These composites have been commercialized under the trade name HAPEX, which has found clinical use in middle ear and maxillofacial implants. 5, 31 The elastic modulus of HA-reinforced HDPE composites was isotropic and able to reach the lower regions of human cortical bone tissue as measured in the transverse direction (e.g., orthogonal to the longitudinal axis of long bones), 2, 5 but remained short of the elastic modulus in the longitudinal direction and inadequate for loadbearing applications. Consequently, molecular orientation was introduced into the polymer to enhance the elastic modulus and mimic the anisotropy of bone tissue. 6 However, all the above studies cited for HA-reinforced polymers used an equiaxed HA powder, whereas the anisotropy in bone tissue is derived from the apatite crystals, 32, 33 which have a platelike morphology elongated in the 002 crystallographic direction and oriented along directions of principal stress. [34] [35] [36] [37] [38] [39] [40] [41] HA whisker-reinforced polymer composites were recently developed to more accurately mimic the microstructure and mechanical properties of bone at the most fundamental hierarchical level. [40] [41] [42] The use of aligned HA whiskers instead of HA powder resulted in improved and anisotropic mechanical properties more similar to cortical bone tissue. HDPE reinforced with HA whiskers exhibited a significantly higher elastic modulus, ultimate tensile strength, and work to failure relative to composites reinforced with an equiaxed HA powder at equal volume fractions. 41 Mechanical anisotropy was introduced by a preferred orientation of HA whiskers in the polymer matrix, which increased the stiffness in the direction of the preferred orientation without sacrificing stiffness, relative to powder reinforcement, in the transverse direction. Thus, HA whisker-reinforced polymer composites are promising candidates for biomimetic synthetic bone substitutes and may also be used as a model material for bone tissue at the most fundamental hierarchical level.
B. Micromechanical models for bone tissue
At the most fundamental hierarchical level, bone tissue is an apatite-reinforced collagen composite. 43 Micromechanical models for bone tissue have been based on this basic concept since the 1960s. 44, 45 HA-reinforced polymer composites mimic bone tissue well at this level. Therefore, micromechanical models developed for bone tissue may also be applied to HA-reinforced polymer composites and vice versa.
In classic composites theory, a simple rule of mixtures is used to predict the effective mechanical behavior. An upper bound prediction was given by Voigt using an isostrain assumption, 46 and a lower bound prediction was given by Reuss using an isostress assumption. 47 HashinShtrikman bounds provided a closer approximation allowing for an arbitrary phase geometry. 48 These simple models are unable to accurately predict the properties of bone tissue and other discontinuously reinforced composites that satisfy neither the isostrain nor isostress assumption. 49 Linear combinations of the Voigt and Reuss models, including Hill's model 50 and Hirsch's model, 51 have been used to more closely fit experimental data by introducing an empirical fitting factor. However, the fitting factors are material dependent, limiting general application of the model. Moreover, the above models consider only the volume fraction of each phase, which is inadequate for discontinuously reinforced composites. Apatite crystals have an elongated, platelike morphology and exhibit preferred orientation along directions of principal stress. [34] [35] [36] [37] [38] [39] [40] [41] Therefore, more recent micromechanical models sought to account for the reinforcement morphology and the arrangement of the reinforcement and matrix, in addition to the volume fraction of each phase. [52] [53] [54] For example, the Halpin-Tsai equations provide a complete and practical solution for a variety of reinforcement geometries (e.g., rod, plate, etc.) in terms of the reinforcement aspect ratio R (length/width). 55 Equations were derived from interpolations of exact solutions using Hill's "self consistent" models. 56 While the Halpin-Tsai equations account for the reinforcement morphology, reinforcements in a representative volume element (RVE) are assumed to be perfectly aligned, which is an unrealistic assumption in most discontinuously reinforced composites.
Tensor transformation laws were used to model the dependence of the elastic modulus of bone tissue on the misorientation angle between the axis of preferred orientation and the axis of applied stress. 45 Bundy proposed accounting for the orientation distribution of reinforcements in bone tissue by using a hypothetical orientation distribution function (ODF), g(), to describe the relative proportion of apatite crystals oriented in a solid angle between and + d. 57, 58 Sasaki measured an ODF for apatite crystals in bone tissue using x-ray pole figure analysis and calculated the effective elastic moduli. 37, 59 The 002 pole figures from three orthogonal sample faces were combined to calculate the ODF. 37 However, as noted by Wenk, the ODF determined by Sasaki was inaccurate because only a single 002 pole figure was measured. 39 ODFs were implemented for volume averaging elastic constants in polycrystalline materials by Bunge using Voigt, Reuss, or Hill assumptions. 60, 61 In reinforced polymers, effective elastic constants have been calculated by volume averaging a RVE over an ODF using lamination theory 62 and aggregate averaging. [63] [64] [65] The reinforcement aspect ratio distribution has also been considered in numerical models using the latter approach.
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The objective of this study was to develop a micromechanical model to predict biocomposite elastic properties using only measurable microstructural parameters. The effects of the HA reinforcement volume fraction, morphology, and orientation distribution were investigated by comparing model predictions with experimentally measured elastic moduli for HA whisker-reinforced HDPE composites. Predictions using experimental measurements of the HA whisker aspect ratio distribution and orientation distribution were also compared to common idealized assumptions.
II. MATERIALS AND METHODS
A. Biocomposite processing and mechanical characterization
HA-reinforced HDPE biocomposites were processed and characterized for up to 50 vol% HA whiskers or powder as described in a previous paper. 41 Briefly, single-crystal HA whisker reinforcements were hydrothermally synthesized at low temperature (ഛ200°C) from chemical solutions containing calcium, phosphate, and a calcium chelating agent. 68 A commercially available equiaxed HA powder (Product No. 21221, Fluka Chemical Corp., Milwaukee, WI) was used to produce composites with randomly oriented HA reinforcements for normalization of the texture measurements for HA whisker reinforced composites. HDPE polymer powder was produced from commercially available HDPE polymer beads (Product No. 427977, Aldrich Chemical Co., Inc., Milwaukee, WI). HA and HDPE powders were ultrasonically co-dispersed in ethanol with a sonic dismembrator. Composite powder mixtures were vacuum filtered, dried, and densified by uniaxial pressing at ambient temperature with a cylindrical pellet die. The dense composite preforms were then placed in the center of a channel die and heated above the polymer melting point to 145°C. Upon compression molding, the viscous reinforced polymer was extruded bilaterally toward the open ends of the mold, and HA whisker reinforcements were aligned along the length of the bar. The longitudinal elastic modulus E and other mechanical properties were measured in uniaxial tension using standard machined specimens (ASTM D 638-01, Type V).
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B. Microstructural characterization
In the previous study, the size and aspect ratio distribution were measured for the as-synthesized HA whiskers. 41 The preferred orientation of HA whiskers in composites was qualitatively characterized using conventional powder x-ray diffraction (XRD) on polished sections for each of the three orthogonal specimen directions. In this study, the size, aspect ratio, and orientation distribution of HA whiskers were each quantitatively measured after composite processing.
Reinforcement morphology
The size and aspect ratio of HA whiskers in composites after compression molding were characterized using quantitative stereology. Composites were heated to 600°C to pyrolyze the HDPE matrix without affecting the HA whisker morphology. Microscopy slides were prepared by ultrasonically dispersing 0.003 g of the residual HA whiskers in 1 ml methanol and pipetting drops of the suspension onto a glass slide placed in an oven at 90°C to quickly evaporate the methanol. Measurements of whisker length and width were taken using an optical microscope (Eclipse ME600L, Nikon Instruments, Inc., Melville, NJ) and a digital camera (Magnafire, Olympus America, Melville, NJ) connected to a personal computer with image analysis software (Object-Image 2.08, NIH Image). All slides were analyzed at 400× magnification. A 10 × 10 square grid was digitally overlaid using the image analysis software to facilitate random whisker selection at grid nodes. The aspect ratio R was calculated by dividing the whisker length by the width. A total of 500 whiskers were measured in this manner for composites varying from 10 to 50 vol% HA whiskers. Analysis of variance (ANOVA; Statview 5.01, SAS Institute, Inc., Cary, NC) was used to compare groups. Post-hoc comparisons were performed using a Student's T-test. A log transform of the aspect ratio data was used to provide a normal distribution for statistical analysis.
Texture analysis
Quantitative measurement of the preferred orientation of HA whiskers in composites was performed using a General Area Detector Diffraction System (GADDS) equipped with a two-dimensional HI-STAR detector (Bruker AXS Inc., Madison, WI). Specimens were sectioned from the center of tensile bars using a low-speed diamond wafer saw, and the surface orthogonal to the longitudinal specimen direction was polished using a series of diamond compounds and aluminum oxide to a 0.05 m final polish. Polished specimens were mounted on the goniometer and aligned using a laser-video microscope. Monochromatic Cu K ␣ radiation was generated at 40 kV and 40 mA and focused on the specimen by a 0.5 mm diameter pinhole collimator. The distance between the specimen surface and detector was set to 120 mm.
Two-dimensional diffraction patterns were collected for HA whisker-reinforced HDPE composites at each reinforcement volume fraction. The 002, 200, and 222 reflections for HA were chosen due to relatively sharp distinction and their relationship to the crystal habit of HA whiskers (Fig. 1) . Pole figures for the 002, 200, and 222 reflections were obtained by two methods. First, composite specimens were rotated about the longitudinal specimen axis in 5°increments, and a total of 72 diffraction patterns were obtained over the orientation space (0°< < 360°). The diffraction patterns were integrated using the GADDS software to determine the pole figure. This method made no assumptions regarding the symmetry of the HA whisker orientation distribution but required a significantly longer time for data collection. However, results from this method showed an axisymmetric HA whisker orientation distribution. Therefore, a second method was used to dramatically reduce the time required for data collection by assuming an axisymmetric HA whisker orientation distribution. Composite specimens mounted on the goniometer were continuously rotated about the same longitudinal specimen axis and the obtained diffraction pattern was processed by GADDs software to determine the pole figures. Pole figure data was corrected by eliminating background intensity differences using untextured reference pole figures for composites reinforced with equal volume fractions of the equiaxed HA powder. The three corrected pole figures for the 002, 200, and 222 reflections were combined and the orientation distribution function (ODF) was calculated using the Arbitrarily Defined Cells (ADC) method (LaboTex, Version 2.1, LaboSoft s.c., Krakow, Poland). Finally, the preferred orientation was quantified in multiples of a random distribution (MRD), which were calculated by averaging and normalizing ODFs at 5°inter-vals from the longitudinal specimen axis.
C. Micromechanical model
A micromechanical model was developed for discontinuously reinforced composites, such as bone tissue or HA whisker-reinforced polymers. The elastic modulus of a representative volume element (RVE) E(R,), composed of a matrix material with reinforcements of fixed aspect ratio R and fixed orientation angle to the loading direction, was calculated by combining Halpin-Tsai equations 55 and tensor transformation laws. Note, however, that the properties of the RVE could also be calculated using other similar models (e.g., Mori-Tanaka) or finite element analysis. RVEs of varying reinforcement aspect ratio and orientation angle were averaged using the experimentally measured reinforcement aspect ratio distribution function f(R) and ODF g() (Fig. 2) . Thus, the effective elastic modulus for a given loading direction was calculated as
where
In Eq. (2), E L , E T , G LT , and LT are the elastic moduli and Poisson's ratio of the RVE calculated using the following Halpin-Tsai equations:
where R is the reinforcement aspect ratio and V r is the reinforcement volume fraction. The elastic modulus of the HDPE polymer matrix E m was measured in uniaxial tension with standard specimens (ASTM D 638-01, Type V, n ‫ס‬ 5) 69 machined after compressing molding using the methods described above. The elastic modulus for HDPE in the longitudinal specimen direction was 1.3 ± 0.1 GPa (mean ± standard deviation). The HDPE matrix was determined to be nearly isotropic from stiffness coefficients measured using ultrasonic wave propagation. Therefore, the shear modulus G m was calculated as
where Poisson's ratio, m was taken as 0.35. 70 Measured stiffness coefficients for HA were taken from the literature 71 in order to calculate the elastic moduli and Poisson's ratio as E 11 ‫ס‬ 114 GPa, E 33 ‫ס‬ 138 GPa, G 44 ‫ס‬ 40 GPa, and 13 ‫ס‬ 0.31, respectively. Finally, for comparison, upper and lower bound predictions were also calculated using classic composites theory with the assumption of isostrain and isostress, respectively.
III. RESULTS
A. Reinforcement morphology
The mean aspect ratio measured for the as-synthesized whiskers and 10-50 vol% of the same whiskers in HDPE composites after processing is shown in Fig. 3 . The as-synthesized whiskers had a mean aspect ratio of approximately 8. After composite processing, the mean whisker aspect ratio decreased to approximately 4 and to nearly 2 in composites reinforced with 10-40 vol% and 50 vol% HA whiskers, respectively. Statistically significant differences (p < 0.0001) existed between the assynthesized HA whiskers, composites with 10-40 vol% HA whiskers, and composites with 50 vol% HA whiskers. There were no statistically significant differences between composites containing 10-40 vol% whiskers (p > 0.05).
B. Texture analysis
The preferred orientation of HA whiskers in composites was quantified by ODFs calculated from pole figures. ODFs were plotted on inverse pole figures showing the orthogonal specimen axes mapped on the crystallographic orientation space (Fig. 4) . Pole figures recalculated from the ODFs showed the crystallographic axes mapped on the specimen orientation space (Fig. 5) . To compare composites reinforced with different volume fractions of HA whiskers, ODFs were normalized using multiples of a random distribution (MRD), such that ODFs for each volume fraction had the same integrated area (Fig. 6) . The degree of preferred orientation along the longitudinal specimen axis ( ‫ס‬ 0°) was 2.5, 2.4, 2.4, 1.8, and 1.4 MRD for 10, 20, 30, 40, and 50 vol% HA whiskers, respectively (Fig. 6 ). Note that a MRD value of unity corresponds to a random distribution. Thus, all composites exhibited a crystallographic and morphological preferred orientation of the single-crystal HA whiskers in the longitudinal specimen axis, and the degree of preferred orientation decreased for increased HA volume fraction in composites (Fig. 6) .
C. Micromechanical model
Micromechanical model predictions for the longitudinal composite elastic modulus Ē were compared to experimental measurements from a previous study. 41 The effects of the HA whisker reinforcement volume fraction, morphology, and preferred orientation were investigated in the micromechanical model. Predictions using experimental measurements of the HA whisker aspect ratio and orientation distribution were compared to common idealized assumptions.
The longitudinal composite elastic modulus was calculated as a function of the HA whisker volume fraction using the measured whisker ODF and either the mean aspect ratio or aspect ratio distribution of whisker reinforcements measured for each HA volume fraction in composites [ Fig. 7(a) ]. Predictions using the measured whisker aspect ratio distribution were much closer to the experimental data than predictions using the mean aspect ratio for each HA volume fraction. The model prediction using the measured whisker aspect ratio distribution provided a good approximation of the experimentally measured data, except when the HA volume fraction was greater than 30 vol%, with increasing underestimation from 30-50 vol%.
The effects of whisker degradation during processing were examined by comparing model predictions using the measured aspect ratio distribution for the assynthesized HA whiskers [ Fig. 7(b) ] versus that for the whiskers in composites after processing [ Fig. 7(a) ]. Predictions using the aspect ratio distribution after processing [ Fig. 7(a) ] were similar to predictions using the aspect ratio distribution from the as-synthesized whiskers [ Fig. 7(b) ]. The difference between predictions for the mean aspect ratio and the aspect ratio distribution was much less for the as-synthesized HA whiskers [ Fig. 7(b) ] compared to whiskers in composites after processing [ Fig. 7(a) ].
The effects of the HA whisker preferred orientation on the micromechanical model predictions are shown in Fig. 8 . The idealized assumptions of perfectly aligned or randomly distributed HA whiskers in composites were compared to the experimentally measured HA whisker ODF in composites. Additionally, the mean aspect ratio [ Fig. 8(a) ] and aspect ratio distribution [ Fig. 8(b) ] for HA whiskers in composites were examined separately. Using either the mean aspect ratio [ Fig. 8(a) ] or aspect ratio distribution [ Fig. 8(b) ] of HA whiskers in composites, perfectly aligned HA whiskers provided the highest estimation while randomly distributed HA whiskers provided the lowest estimation, as expected. Predictions using the experimentally measured ODF in the model were located in between the extreme assumptions, also as expected. All predictions using the measured mean aspect ratio of HA whiskers underestimated the experimental data [ Fig. 8(a) ]. On the other hand, the HA whisker aspect ratio distribution provided a more reasonable prediction [ Fig. 8(b) ]. The assumptions of perfectly aligned and randomly oriented whiskers in the model over-and underestimated, respectively, the measured longitudinal composite elastic modulus [ Fig. 8(b) ]. The measured ODF for composites provided the closest match to the experimental data [ Fig. 8(b) ]. In summary, the micromechanical model provided the best estimation of the experimentally measured composite elastic modulus using the measured aspect ratio distribution and ODF for HA whiskers in composites.
IV. DISCUSSION
The results of this study demonstrate the benefits of using statistical distributions (or distribution functions) for microstructural parameters in micromechanical models. The micromechanical model in this study accounted for the elastic properties of each phase, and the HA whisker volume fraction, aspect ratio distribution, and orientation distribution. All predictions using this model were substantially better than the classical upper and lower bound predictions. More importantly, the measured HA whisker aspect ratio and orientation distributions enabled the micromechanical model to more realistically account for the physical arrangement of HA whisker reinforcements in the polymer matrix. Without this approach, predictions using the Halpin-Tsai equations would consider only the reinforcement morphology and would be the same as using the perfectly aligned ODF and mean aspect ratio [ Fig. 8(a) ]. Model predictions using both the measured ODF and aspect ratio distribution provided the best approximation of the experimentally measured elastic modulus [ Fig. 8(b) ].
Micromechanical model predictions were quite sensitive to both the ODF and aspect ratio distribution. Predictions using the measured ODF and idealized assumptions of perfectly aligned or randomly oriented whiskers exhibited substantial variation within the upper and lower bounds [ Fig. 8(b) ]. The difference between predictions using the measured ODF and the assumption of randomly oriented whiskers (MRD ‫ס‬ 1) was particularly noteworthy, considering that similar to bone, the composites of this study exhibited a relatively weak texture (MRD ≈ 2) compared to the theoretical possibilities (0 < MRD < ϱ). Predictions using the aspect ratio distribution were also substantially different from those using the mean aspect ratio [ Fig. 7(a) ]. Furthermore, predictions comparing the measured ODF to idealized assumptions exhibited much less variation when the mean aspect ratio was used [ Fig. 8(a) ] than when the aspect ratio distribution was used [ Fig. 8(b) ]. One reason for this effect was that the measured whisker aspect ratio distributions were log normal (Fig. 3) . Thus, model predictions were most sensitive to the high aspect ratio portion of the distribution, even though these whiskers composed a relatively small fraction of the total.
Another interesting result is that whisker degradation during processing may not affect the composite elastic properties as much as is typically expected. Model predictions using the aspect ratio distribution of assynthesized whiskers and whiskers in composites after processing were similar, while predictions using the mean whisker aspect ratio showed a large difference (Fig. 7) . Recall that the mean HA whisker aspect ratio decreased after processing; however, the aspect ratio distribution showed that relatively large whiskers remained in the HDPE matrix (Fig. 3) . The aspect ratio distribution for both the as-synthesized whiskers and whiskers in composites was log normal. Therefore, the results demonstrate that a relatively small volume of high aspect ratio whiskers can contribute disproportionately to the effective elastic properties.
Micromechanical model predictions were based on measured data for important microstructural features and provided a good approximation of experimentally measured elastic moduli. However, even the best model predictions still deviated from the experimentally measured properties at high whisker volume fractions [e.g., Fig. 8(b) ]. Several factors could account for this discrepancy. The most likely cause is the increasing likelihood of whisker-whisker interactions at high volume fractions. The assumption of perfectly distributed reinforcements in the model's RVE ignores this effect. Molecular orientation in the HDPE polymer matrix may have occurred due to shear flow during compression molding. 4 In this case, the molecular preferred orientation would coincide with the loading direction and might also contribute to the elastic anisotropy. However, this factor is considered unlikely in this study because HDPE processed without HA reinforcements was measured to have nearly isotropic stiffness coefficients and the model error increased with increasing whisker volume fraction.
The micromechanical model investigated in this study could also be used to model the mineralized extracellular matrix of bone tissue as an apatite-reinforced collagen composite or as part of a multiscale model for the hierarchical structure of bone. Apatite crystals in bone tissue are elongated and have a preferred orientation along directions of principal stress (e.g., the longitudinal axis of long bones). [34] [35] [36] [37] [38] [39] [40] [41] Thus, measurements of the apatite crystal aspect ratio distribution and orientation distribution could be used in this micromechanical model to improve predictions for the mechanical properties of bone tissue.
V. CONCLUSIONS
A micromechanical model was developed to predict the elastic moduli of HA whisker-reinforced polymer biocomposites based upon the elastic properties of each phase and the reinforcement volume fraction, morphology, and preferred orientation. Model predictions using an experimentally measured HA whisker aspect ratio distribution and ODF provided the best approximation of the experimentally measured elastic modulus. Common idealized microstructural assumptions, such as a mean aspect ratio and perfectly or randomly oriented whiskers, were shown to result in substantial inaccuracies.
